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Abstract. Given an irreducible subshift of finite type X, a subshift ¥, a factor map
m : X — Y, and an ergodic invariant measure v on Y, there can exist more than one
ergodic measure on X which projects to v and has maximal entropy among all measures
in the fiber. However, there is an explicit bound on the number of such maximal entropy
preimages.

1. Introduction

It is a well-known result of Shannon [17] and Parry [12] that every irreducible subshift
of finite type (SFT) X on a finite alphabet has a unique measure py of maximal entropy
for the shift transformation o. The maximal measure is Markov, and its initial distribution
and transition probabilities are given explicitly in terms of the maximum eigenvalue and
corresponding eigenvectors of the 0,1 transition matrix for the subshift. We are interested
in any possible relative version of this result: given an irreducible SFT X, a subshift ¥,
a factor map m : X — Y, and an ergodic invariant measure v on Y, how many ergodic
invariant measures can there be on X that project under 7 to v and have maximal entropy
in the fiber 7 ~!{v}? We will show that there can be more than one such ergodic relatively
maximal measure over a given v, but there are only finitely many. In fact, if 7 is a 1-block
map, there can be no more than the cardinality of the alphabet of X (see Corollary 1 below).
Call a measure v on Y m-determinate in case it has a unique preimage of maximal entropy.
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We provide some sufficient conditions for 7 -determinacy and give examples of situations
in which relatively maximal measures can be constructed explicitly.

Throughout the paper, unless stated otherwise X will denote an irreducible SFT, Y a
subshift on a finite alphabet, and ¥ : X — Y a factor map (continuous, onto, shift-
commuting map). By recoding if necessary, we may assume that X is a 1-step SFT, so
that it consists of all (two-sided) sequences on a finite alphabet consistent with the allowed
transitions described by a directed graph with vertex set equal to the alphabet, and that &
is a 1-block map. In the following, ‘measure’ means ‘Borel probability measure’, C(X)
denotes the set of continuous real-valued functions on X, M (X) the space of o-invariant
measures on X, and £(X) C M(X) the set of ergodic measures on X.

Some of the interest of this problem arises from its connections (discussed in [14])
with information-compressing channels [11], non-Markov functions of Markov chains
[1-3,11], measures of maximal Hausdorff dimension and measures that maximize, for
a given @ > 0, the weighted entropy functional [5, 18, 19]

1
da () = a—_'_l[h(u) + ah(rw)] (D

and relative pressure and relative equilibrium states [9, 20]. The theory of pressure and
equilibrium states (see [6, 7, 16]), relative pressure and relative equilibrium states [8, 20],
and compensation functions [2, 20] provides basic tools in this area. For a factor map
m : X — Y between compact topological dynamical systems and a potential function
V € C(X), Ledrappier and Walters [8] defined the relative pressure P(w,V) : ¥ — R
(a Borel measurable function) and proved a relative variational principle. For each

ve M),

/P(n, V)dv:sup{hu(X|Y)+/ Vdu:uen_lv}. )
Y X

Any measure p that attains the supremum is called a relative equilibrium state.
A consequence is that the ergodic measures p that have maximal entropy among all
measures in 77 ! {v} have relative entropy given by

1 _
hu(X|Y)=/ lim ~log | [yo. .. yu_11ldv(). 3)
yn—>oon

(|7T_1[y0...y,,_1]| is the number of n-blocks in X that map under m to the n-block
Y0...Yn—1.) By the Subadditive Ergodic Theorem, the limit inside the integral exists
almost everywhere with respect to each ergodic measure v on Y, and it is constant almost
everywhere. The quantity

. 1 _
P(m,0)(y) =hmsup;10g|n 1[yo...y,,_l]l 4)

n—oo

is the relative pressure of the function 0 over y € Y. The maximum possible relative
entropy may be thought of as a ‘relative topological entropy over v’; we denote it by
hiop (X V).

To understand when a Markov measure on Y has a Markov measure on X in its
preimage under v, Boyle and Tuncel introduced the idea of a compensation function [2],
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and the concept was developed further by Walters [20]. Given a factormapzw : X — Y
between topological dynamical systems, a compensation function is a continuous function
F : X — R such that

Py(V)=Px(Vor +F) forallV eC(Y). (5)

The idea is that, because 7 : M(X) — M(Y) is many-to-one, we always have
Py(V)zsup{hv(o)—i-/ Vdv:veM(Y)} (6)
Y

SSUp{hM(G)-i-/ VONdMIMEM(X)}, (7)
X

and a compensation function F can take into account, for all potential functions V on Y
at once, the extra freedom, information, or free energy that is available in X as compared
to Y, because of the ability to move around in fibers over points of Y. A compensation
function of the form G o w with G € C(Y) is said to be saturated.

The machinery of relative equilibrium states and compensation functions is used to
establish the following basic result about relatively maximal measures [18, 20].

Suppose that v € E(Y) and mp = v. Then u is relatively maximal over v if
and only if there is V € C(Y) such that | is an equilibrium state of V o m.

Notice that if there is a locally constant saturated compensation function G o 7, then
every Markov measure on Y is w-determinate with Markov relatively maximal lift, because
in [20] it is shown that if there is a saturated compensation function G oz, then the relatively
maximal measures over an equilibrium state of V € C(Y) are the equilibrium states of
Vor+Gom.

Furthermore, 1y is the unique equilibrium state of the potential function 0 on X, the
unique maximizing measure for ¢o; and the relatively maximal measures over wy are the
equilibrium states of G o 7, which can be thought of as the maximizing measures for ¢ng.

2. Bounding the number of ergodic relatively maximal measures
Letw : X — Y be a 1-block factor map from a 1-step SFT X to a subshift ¥ and let v be an

ergodic invariant measure on Y. Let uy, ..., u, € M(X) with mpu; = v for all i. Recall
the definition of the relatively independent joining i = (1 ® - - - ®y ty Of 1, ..., Uy Over
v:if Ay, ..., A, are measurable subsets of X and F is the o-algebra of Y, then
n
[(A] X - X Ay) = / [[BuQaln ™' F)ox="dv. (8)
Yizl

Writing p; for the projection X — X onto the ith coordinate, we note that for ji-almost
every X in X", m(p; (%)) is independent of i; denote it by ¢ (X).

We define a number of o-algebras on X”. Denoting by By the o-algebra of X and by
By the o-algebra of Y, let By = ¢_lBy, B = pi_lBX fori = 1,...,n; By denotes the
o-algebra generated by x,,n < 0,and B;” = p;” IB;{ for each i. Note that later we use the
same symbols for corresponding sub-o -algebras of a different space, Z = X x X x R.
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Definition. We say that two measures 1, 2 € E(X) with mpu; = wuy = v are relatively
orthogonal (over v) and write 1 L, up if

(1 ®y u2){(m,v) € X x X :ug =vo} =0. )

THEOREM 1. Foreachergodicv onY, any two distinct ergodic measures on X of maximal
entropy in the fiber w~{v} are relatively orthogonal.

Since 7 is a 1-block factor map, for each symbol b in the alphabet of Y, 7 1[b]
consists of a union of 1-block cylinder sets in X. Let N, (;r) denote the minimum number
of cylinders in the union as b runs over the symbols in the alphabet of Y for which
v[b] > 0.

COROLLARY 1. Let X be a I-step SFT, Y a subshift on a finite alphabet, and v : X — Y
a 1-block factor map. For any ergodic v on Y, the number of ergodic invariant measures
of maximal entropy in the fiber w~'{v} is at most N, (7).

Proof. Suppose that we have n > N, () ergodic measures uy,..., 4, on X, each
projecting to v and each of maximal entropy in the fiber 7~ !{v}. Form the relatively
independent joining & on X" of the measures u; as above. Let b be a symbol in the
alphabet of Y such that b has N, (w) preimages ay, ..., an,) under the block map 7.
Since n > N, (), for every X € ¢~ '[b] there are i # j with (p;X)o = (pjX)o. At least
one of the sets S;; = {X¥ € X" : (piX¥)o = (pjX)o} must have positive fi-measure,
and then also (u; ®, u){u,v) € X x X : mu = mwv,ug = vo} > 0, contradicting
Theorem 1. O

COROLLARY 2. Suppose that m : X — Y has a singleton clump: there is a symbol a
of Y whose inverse image is a singleton, which we also denote by a. Then every ergodic
measure on Y which assigns positive measure to [a] is w-determinate.

Before giving the proof of Theorem 1, we recall some facts about conditional
independence of o-algebras (see [10, p. 17]) and prove a key lemma.

LEMMA 1. Let (X, B, u) be a probability space. For sub-o -algebras By, By, B> of B, the

following are equivalent:

(1)  Bi Lp, Bz, which is defined by the condition that for every Bi-measurable fi and
Ba-measurable fr, E( f1 f21Bo) = E(f11Bo)E(f21Bo);

(2)  for every By-measurable f>, E(f2|B1 Vv Bo) = E(f2|Bo);

(3) for every Bi-measurable f1, E(f1|B2 Vv By) = E(f1|Bo).

LEMMA 2. Let (X, B, u) be a probability space and let By, By, Cy, Co be sub-o-algebras
of B. If By L, B2,C1 C Bi,Ca2 C By, then for every Bi-measurable fi,

E(f11Bo v C1 v C2) =E(f11Bo v Cp). (10)

Proof. First note that By Lg,vc, B2, since for Bj-measurable f; we have E(f1|(Bo V
C) Vv By) = E(f1lBo v B2) = E(f11Bo) = E(f11Bo Vv C2). Similarly, By Lgyc, B2
and By Lpg,vc, Co. Thus for any f; that is Bi-measurable, E(f1|(Bo Vv C1) Vv C2) =
E(f11Bo Vv Cy). O
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LEMMA 3. Letw : X — Y be a I-block factor map from a 1-step SFT X to a subshift Y.
Let v be an ergodic measure on' Y and let ju1 and 12 be ergodic members of 1~ {v}. Let i
be their relatively independent joining. If S = {(u, v) € X x X : u_1 = v_1} has positive
measure with respect to i and for every symbol j in the alphabet of X

Eﬂ(l[j] o p1|Bl_ Vv By) = Eﬂ(l[j] o p2|32_ Vv Bo) (11D
almost every where on S, then 1 = Wa.

Proof. Write [i]i for the set of points in X whose kth symbol is i and [i ],(Cj ) for pj_l[i k.

Write 1[ 10 for the indicator function of this set. Define gl.(j ) = ]E(l[l.]( | Bo Vv BI) and set
k 0

i
Sk = Zi I[i],((l)lliliz) = 1{(u,v):up=v;)- Note that s_1 = 1.
Let P denote the time-0 partition of X into 1-block cylinder sets, P; = p.” Ip (i=172)
the corresponding partitions of X x X,and T =0 X 0.
i(l) = s5_1 gi(z) for all symbols i in the alphabet of X.
Taking expectations with respect to B v T'P», since s_ gi(l) is B1 v TP-measurable, we
see that

By assumption, we have s_; g

S—1g,-(l) = S—1E(g,'(2)|31 vV TP,)
2
E(g71;21B1)

=51 —— 1. .0
1=
j ]E(lljl‘f}|31) H
E(g,-(z)lljl(zl)lgo)
=s5_1 — 12 (12)

S e N
E(lm?i Bo) U

where the last equality follows from Lemma 1, noting that By C Bj. Observe that the
terms in the final expression are all measurable with respect to By v TPy v TPs.
It then follows that
518 = E(s_1g" 1By v TP v TPy) = s_1E(g\"|Bo v TP v TPy). (13)
M
1

the right-hand side is equal to s,lE(gl.(l) |Bo Vv TP1). We have thus established the equation

Since g; ' is B1-measurable and 31 and B, are relatively independent over By, by Lemma 2

sE@ M 1Bov TP =518V =518 = s 1E@P1Bov TP).  (14)
1)

Starting from the equation s_;g;
expectations with respect to B to get

= s_lE(gi(z)lBo Vv TP>), we take conditional

E(s_11B1)g!" = E(s_1E(g> By v TP2)|B1). (15)
We have 5
o E(g” 1 e150)
E(g: " |BygVv TPr) = SR —— . 16
(8" 1Bo v TPy) ; B o iBy 7 (16)
-1
Hence )
o E(g{ )1[k]<2;|l30)
s_1E(g:”|By Vv TP = — 1 0wl 0. (17)
8; Xk: E(llkl(fl)lBO) [k],l) [k](,l



212 K. Petersen et al

Substituting this in (15) and again using relative independence, we see that
2

B(s-11Bng = > ————
=2 E(Ly o 1B0)

k

=D E7 101501 0. (18)
: ¢ ¢

L By 1B1)

We observe that the right-hand side and also E(s_;|B) are By v TP;-measurable (using
the definition of s_; and relative independence). Hence, provided that E(s_;|5;) > 0
almost everywhere, we will have that gl.(l) is By v T'Pj-measurable, and similarly g,.(z) is
By v TP;-measurable.

We now demonstrate that E(s_;|B;) > 0 on a set of full measure. To prove this, we
note that E(s—1|Bj) is of the form f o p; for f a function on X. Thus if we can show
that E(s_1|B1)(x) > 0 implies E(s_|B1)(Tx) > 0, it will follow that the set where f is
positive is invariant and hence of measure 0 or 1 by ergodicity of x1. Since the integral of
the function is positive (being equal to (111 ®, w2){(u, v) : u_1 = v_1}), to show that the
function is positive on a set of full measure it is enough to establish the above invariance.

Now

E(s—11B1)(Tx) = E(so|B1)(x)
= ZE(llil(()l)llil(()z)lgl)

= Z l[i](()l)E(l[i](()Z) |B1)
i
i

= Z 1[i]((Jl)E(E(S_11[i](()2)|Bl Vv TP2)|BI)- (19)
i

Using Lemma 2, this equals
2 L EGE 0| Br v TP2)|B1)
- 0 0
1

=D 1o EG1EQ 0 |Bo v TP2)|B1)
" 0 0
1
=5 L EG- ¢ |By) (from (14))
i
= Z l[i](()l)E(S—lgi(l)|Bl)
1
= Zg,-(l)l[i]énE(LllBl)
i
:E(S,1|Bl)zi:I[il((Jl)E(lll.](()l)|B()VBf). (20)
For x in a set of full measure, 1p(x) > 0 implies E(1p|F)(x) > 0 (consider integrating

the conditional expectation over the set where it takes the value 0), so the sum on the right-
hand side of the above is positive almost everywhere. Since the first factor is positive by
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assumption, the conclusion that E(sg|B1) > 0 follows, allowing us to deduce that g,.(j ) is
Bo v T'Pj-measurable.

Now we may write gl.(J ) as

(]) Z 1[k](])hkt’ (21)
where the h(] ) are Bp-measurable. Writing out the equation s_1 g( =51 gl.(z)’ we have
Xk: llklﬁl}l[kl‘fihki - Xk: llklﬂlillkl‘f}hk,r (22)
Since for distinct k the terms are disjointly supported, we have for each k,
L L@kt = L) i (23)

Taking conditional expectations of both sides with respect to By and using Lemma 1, we
deduce
E(1 0 1B E(1 o0 1Bo) (i} — i) = (24)

almost everywhere. From this we see that 1f IE(] <1) |Bo) > 0 and E(l[k]a) |Bo) > 0, then
—1
h(l) = h(z) This allows us to make the followmg deﬁnition:

ny) if E(1 0 1Bo) > 0

hi,i = . (25)
T2 if E(1 0 1B0) > 0.
It follows that
g’ th, W Aae (26)

We now show that the two measures agree. We will show by induction on the length of
the cylinder set that for any Bp-measurable function f and any cylinder set C in X,

/lslcomfdﬁ=/1slc0pzfdﬂ~ @7

To start the induction, let C be the cylinder set [ip] in X. Then
f sty o f dit = / 15 fE(1 0 1Bo v BT v By) di
- / 15 /g di; (28)
but by assumption 1g gi(l) = lg gl.(z), showing the result in the case that C is a cylinder of

length 1. Now suppose that the result holds for cylinders of length n and let C = [iy . . . i,].
Write D = [ig...i,—1]. Now

/1s(1c opjpfdi= / Is(popply, o fdix
:/15(1DOpj)fE(l[l.n]slj)|T7anVTinBziVB()) di
=/1s<1popj>fg,-(j)oT" di

=/1s(1DOPj)fhin,l,;n oT"dji. (29)



214 K. Petersen et al

Since h;,_, i,
integrals are equal for j = 1 and j = 2 as required.

In particular, taking f to be 1, we have (S N p;'C) = (SN p;'C) for all C.
Letting D(A) = 1(S N A), we see that D o p; ' = Do p, . Since 11;(A) > D o p;' (A) for
all A and the measures u; are ergodic, it follows that 1 and > are not mutually singular
and hence are equal. a

o T" is Bp-measurable, it follows from the induction hypothesis that the

Proof of Theorem 1. Let 111 and py be two different ergodic relatively maximal measures
over v € £(Y) and suppose that they are not relatively orthogonal, so that (11 ®, ©2)
{(u,v) € X x X 1 up = vo} > 0. Let i = u1 ®y, ua. We will construct a measure on
X with strictly greater entropy than 11 or p» by building a larger space from which the
new measure will appear as a factor. (J. Steif reminded us that a similar interleaving of two
processes is used in [4] for a different purpose.)

Let R denote the set {1, Z}Z, and let 8 be the Bernoulli measure on R with probabilities
%, % Write (r,),cz for a typical element of R. Form Z = X? x R with invariant measure
n = [ x B. We then define maps from Z to X as follows. Given a point (u, v, r) € Z, set
my(u,v,r) = u, mo(u, v,r) = v and write Ni(u, v) for sup{n < k : u, = v,}. Note that
this quantity may be —oo if there are no coincidences. We will take r_, to be a further
random variable taking the values 1 and 2 with equal probability for each r € R. Define
m3:Z — Xby

ur, ifrywy =1,

m3(u, v, r) = ! (30)

Uk, if Ny (u,v) = 2.

To see that m3(u, v, r) is indeed a point of X, note that it consists of concatenations
of parts of u and v, changing only at places where they agree. As a corollary, since
7 (u) = w(v) for almost all (u, v, r) € Z, it follows that 7 (73(z)) = 7 (72(2)) = 7 (71(2))
for n-almost every z in Z. Write & for the factor mapping 7 o 71 from (Z, n) to (¥, v).

By construction 1 = no 711_1 and up =no 712_1. Define u3 = no 713_1. We shall then
demonstrate that ,, (X) > hy (X) = hy, (X).

We define o-algebras on Z corresponding to those appearing above. Letting By be
the Borel o-algebra on X as before, we set for eachi = 1,2,3, B; = nl._lBX. Write
B, for the o-algebra generated by the cylinder sets in X depending on coordinates x;, for
n < 0. These then give o-algebras B;” on Z defined by B, = ni_lB)_(. We will require
two further o-algebras, By = ®~!' By with B, being defined analogously to the above.
Note that B; D By fori =1, 2, 3.

Again reusing previous notation in a slightly different context, continue to denote by P
the partition of X into time-0 cylinders and write P; for 711._17), so that fori = 1,2,3, P;
is a partition of Z. Finally, write Q = CD’I{[ j1:[j]isacylindersetin Y}.

It is useful to note the following property of (8). If A| € B; and A, € B, then

n(A1NAy) = /En(1A1|BO)En(1A2|BO)d77- (31
We will use the fact that if f is B;-measurable, then
E,(f1B2) = E;(f1Bo), (32)

a consequence of Lemma 1.
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Standard results of entropy theory tell us that h,, (X) = H,(P;|B;). Further, by
Pinsker’s Formula (see [13, Theorem 6.3, p. 67], applied with 8 coarser than «), this can
be re-expressed as

hy (X) = Hy(Pi|B; v Bo) + Hy(QIBy) = Hy(Pi|By v Bo) + hy(Y).  (33)

Since w1 and py were presumed to be measures of maximal entropy in the fiber, they have
equal entropy and hence H,(P1|B; v Bo) = H,(P2|B; V Bp). Our aim is to show that
this leads to a contradiction by showing that H,(P3|B5 Vv By) > H,(P1|B| Vv Bp). By
definition,

H,,('PABI-_ Vv By) = / — Z(l[j] o 1T;) IOgE(l[j] o 7'[1|Bl-_ V Bo)dn
J

= / - ZIE(IU] o 7;1B;” v Bo) log E(111 0 ;1B v Bo) dn
j

= / > W ) o mi|B v Bo))dn, (34)
J

where ¥ is the strictly concave function [0, 1] — [0, 1], ¥ (x) = —xlogx (with ¥ (0)
defined to be 0).
The following claim is an essential point of the argument. We shall show that

E,](l[j] o 7T3|B; \4 B; \Y B; Vv Bp)(z)

E,(1j) o m By Vv Bo) if 13(2)—1 = m1(2)—1 # m2(2)-1;
) Ey(Apj0maB, Vv Bo) if m3(2)—1 = m2(2)-1 # m1(2)-1; 35)
TE, (11 o 71| By v Bo)

+3E, (111 0 malBy v Bo)  if m3(2)-1 = m1(2)-1 = m2(2) -1

Clearly, the right-hand side of the equation is measurable with respect to B, v B, Vv
By v By. To verify the claim, it will be sufficient to integrate the right-hand side over
the elements of a generating semi-algebra of By Vv B, Vv B3 Vv By. Specifically, we will
integrate over sets of the form AN BN C N D, where A, B, and C are the preimages under
the respective maps of cylinder sets in X of a common length (ending at time —1) and
D € By.

Suppose A, B, and C are cylinders depending on the coordinates —n to —1 of
m1(z), m2(z), and m3(z) and that A N B N C has positive measure. Then for z €
AN BNC, m3(z)—1 is equal to either m(z)_1 or m2(z)—1 (or both) by the definition
of m3. Furthermore, 71(z)—1, m2(z)—1, and 73(z)—; are constant over the intersection in
question.

IfonANBNC, m3(z)—1 = m1(z)—1 # m2(z)—1, then we calculate

/ En(llj]oﬂﬂBl_VBo)(Z)dn=/lglcEn(l[j]07111A1D|BI_VB())d(ﬂX,B).
ANBNCND

(36)
Performing first the integration over R with respect to the measure 8, we see that the
only factor depending on the random part r € R is 1¢, the others being functions only
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of (u,v) € X?. The coordinates of 73(z) from —n to —1 are concatenations of blocks
of m1(z) and m2(z), the choice (between a block in u and a different block in v) being
made according to the entries in r, hence with probabilities %, % Itk = kap(u,v) =
I+card{j:—n<j<-2,uj=vj,ujt1 #vj+1}, then

/ 1c(u,v,r)dp(r) = 37)
R

2ka,B(u,v)’

which is constant on A N B. The following calculation will be more readable if we write
EBf for E(f|B). Since B € B and B, Lp, By, we have EBi Vo1, = EBo1g.
Consequently,

/ E,j)om By Vv Bo)(z)dn
ANBNCND
= /X2 2 M1 p1 14 BB VB (115 0 1) dfi(u, v)
= fxz 27 1pEB VB (Ap1, - (117 0 m1)) dfi(u, v)
- /X 2 HEE BB VB (11 - (1150 )] dii(u, v)
- fx 2 HEE B S B (U - (1 o i) G, v
- /X 2 HEBIES B (s - (g o i) i, v
- /X T HEB A IES B (L - (1gjy o i) e, v
= fx 2 ERER Ap1p)IES R (14 - (gjy 0 m)]} diau, v)

- / T HER A1) IER A4 - (1150 )] dii(a, v)
X
=nANBNCNDNa [ =nANBNCNDNx; [, (38)
by (31), since B, D € By and A, | 1[ j1 € Bj. This demonstrates the desired equality in

the case m3(z)—1 = m1(z)—1 # m2(2)—1. The case m3(z)—1 = m2(z)—1 # w1(2)—1 is dealt
with similarly.

If m3(z)—1 = m1(2)—1 = m2(2)—1, then the integrand is the average of the two previous
integrands, so we see that

f (3E,(j; 0 mi|1By v Bo) + sE,(1yj1 0 m2| By v Bo)) dn
ANBNCND

=InAnBNnCNDNx'[jD+in(ANBNCND Ny '[j])
=n(ANBNCNDNx;'[j]. 39)

This completes the proof of equation (35).
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Using (34), we have
Hy, (P3|B5 Vv Bo) > Hy(P3|By v By Vv By v By)

Z/Zw(E,}(l[J‘]OﬂﬂB;\/Bz— VB;VBO))dn- 40)
J

We separate the integral into parts according to whether m3(z)—; is equal to my(z)—1,
72(z)-1, or both. Let §; = {z : m3(2)-1 = m1(2)-1 # m2(2)-1}, $2 = {z : M3(2)-1 =
m2(2)-1 # mi(2)-1} and §3 = {z : m3(2)-1 = 71 (2)-1 = m(2)-1}. Let A = {z :
m1(2)—1 # m2(2)—1}, so that A = S1 U S$,. Note that S1 and S> have equal measure by the
definition of 3.

By symmetry,

/SZlﬂ(]En(l[j]07T1|31_Vl30))d77=/s Zlﬂ(En(l[j]07Tl|31_\/l30))d77, (41)
L 2

so by (35),

1
w(E,](l[j]oﬂﬂBl_\/Bz_ \/33_ vBy)dn = - w(E,](l[j]oﬂHBl_\/Bo)) dn.
s 2 Ja
Lj J
(42)
Similarly,
o 1 _
/S Zw(En(lU]O”ﬂB] \/B2 VB3 v By))dn = E/AZKb(EU(lU]OHﬂBQ v Bp)) dn.
2 J
(43)

Finally, integrating over S3,

/S > W@y Agjy o ms|By v By v By v Bo)dy
3
=/ ZW%(E;(IU] om|By Vv By) + Ey(1f1 0 72| By Vv Bo))) dn
A(? .
J

1
> E/A Z(w(En(lm omi|By v Bo) + ¥ (E,(jj) o malBy v Bo)))dn.  (44)
¢ j

The strict inequality in the above arises since i is strictly concave and there exist a
Jj in the alphabet of X and a set of points of positive measure in A° = {(u,v,r) € Z =
X2xR:u_y = v—1} for which E,, (1101 |B] vV Bo) # E;(11jjom2| B, Vv By)—otherwise
Lemma 3 would imply that 1 = po.

Now adding the preceding equalities, we see

H, (P31B5 Vv Bo)
1
> E(/ZW(EU(IU] OT[]|B; VB()))d?]—i-/Zlﬁ(En(l[j] O7‘[2|82VB()))d17>
J J

= 3(H(P1|By v Bo) + H(P2|B; V Bo))
thq(X) —hy(Y). (45)

From (33), we see that h,, (X) > h,, (X) as required. O
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Remark. It would be desirable to have a proof of this result based on the Shannon—
McMillan—Breiman Theorem, but so far we have not been able to construct one.

Definition. Let (X, B, u, T) and (Y, C, v, S) be measure-preserving systems, 7 : X — Y
a factor map, and « a finite generating partition for X. We say that u is relatively Markov
for o over Y if it satisfies one of the following two equivalent conditions:

(1) alr-1yyr-ic Otgo;

(2) Hy(aleSva=1C) = Hy(a|T'a vrIC).

(As usual, ocij = \/i:i T *a.)

COROLLARY 3. If X is a I-step SFT, Y is a subshift, t : X — Y is a 1-block factor map,
v is an ergodic measure on Y, and [ is an ergodic relatively maximal measure over v, then
W is relatively Markov for the time-0 partition of X over Y.

Proof. We apply the first half of the proof of Lemma 3 with ;11 = py = . Note that then
a(S) > 0. If s_lgi(l) = s_lgl.(z) for all symbols i in the alphabet of X, the proof proceeds
as before to show that the information function with respect to p of the time-0 partition P
of X given Ploo v 1By is measurable with respectto P v o~1P v 7n~1By, and hence "
is a 1-step relatively Markov measure.

If there is a symbol i in the alphabet of X for which s_; gl.(l) # 51 gl.(z), then the
construction in the proof of Theorem 1, by interleaving strings according to another random
process, will again produce a measure projecting to v which will have entropy greater than

h(w). O

3. Examples

Example 1. In the case where 7 has a singleton clump a, and v is Markov on Y, we can
construct the unique relatively maximal measure above v explicitly. Denote the cylinder
sets [a] in X and in Y by X, and Y, respectively. If v is (1-step) Markov on Y, then the
first-return map o, : Y, — Y, is countable-state Bernoulli with respect to the restricted
and normalized measure v, = v/v[a]: the states are all the loops or return blocks aC' with
aC'a = ac} ...cl a appearing in Y and no cj. =a.

Under 7!, the return blocks to [a] expand into bands a B/, with a B""/a appearing
in X and 7B/ = C' for all i, j. Topologically, (X,, 0,) is a countable-state full shift
on these symbols aB’/. We define 1, to be the countable-state Bernoulli measure on
(X4, 04) which equidistributes the measure of each loop (state) of Y, over its preimage
band:

1
palaBi] = % forall i, ;. (46)

We now show that this choice of w, is relatively maximal over v,. Let A, be any
probability measure on X, which maps under 7 to v,. Then the countable-state Bernoulli
measure on X, which agrees with A, on all the 1-blocks aB"J (its ‘Bernoullization’) has
entropy no less than that of A,, and still projects to the Bernoulli measure v,, so we
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may as well assume that A, is countable-state Bernoulli. If A, [aB"/] = qi’j and
|7~ (aCla)| = J; forall i, j, then

o) Ji
h(Xa, 00 ha) =y D q" logg"/. (47)
i=1 j=1
Note that for each i ,
Zqi’j = vglaClal (48)
j=1

is fixed at the same value for all A,. Thus for each i,
Y 4" logq" (49)
j=1

is maximized by putting all the g%/ equal to one another.
Finally, this unique relatively maximal u, over v, determines the unique relatively
maximal p on X over v on Y, since according to Abramov’s formula

h(X, o, n) = plalh(Xa, 0, pa), (50)

and ula]l = vlal.

We show how this calculation of the unique relatively maximal measure over a Markov
measure in the case of a singleton clump works out in a particular case. It was shown in
[18, 19] that for the following factor map there is a saturated compensation function G o &
with G € C(Y), but no such compensation function with G € F(Y) (see [20] for the
definition). There is a singleton clump, a

"D

— ,,

a —_— a<—>bQ

S

nD)

For each k > 1 the block ab¥a in Y has k + 1 preimages, depending on when the subscript
on b switches from 1 to 2. Let v be Markov on Y. To each preimage aBjaBja . ..aB, of
abf1ab*2 .. abk the optimal measure 1, assigns measure
kl%...kr:_1va[abk1abk2...abk"]. (51)
The unique relatively maximal measure over v, can be described in terms of fiber measures
as follows. Given y = ab¥lab* .. .ab* ... € Y,, ja. y chooses the preimages of each bki
with equal probabilities and independently of the choice of preimage of any other b¥i.
Then

uglaBiaBra...aB,] =

pLa[aBlaBza...aBr]z/ MaylaBraBaa ...aBy1dv,(y). (52)

Ya
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Example 2. The relatively maximal measures over an ergodic measure v on Y which
is supported on the orbit O(y) of a periodic point y = CCC--- € Y can be found
by analyzing the SFT X, = 77'O(y). The relatively maximal measures over v are
determined by the maximal (Shannon—Parry) measures on the irreducible components
of Xy. Consequently, if X is irreducible, then the discrete invariant measure on the orbit
of y is w-determinate.

Example 3. (Failure of m-determinacy for a fully-supported measure) Inthe preceding ex-
ample, along with others discussed in [14], failure of 7 -determinism can be blamed on a
lack of communication among fibers. An example suggested by Walters (see [20]) also
shows that there can be fully supported v on Y which are not w-determinate. For such
examples there are potential functions V € C(Y) such that V o & has two equilibrium
states which project to the same ergodic measure on Y.

In this example, X = Y = ¥, = full 2-shift, and w(x)o = xo + x; mod 2 is a
simple cellular automaton 2-block map. If we replace X by its 2-block recoding, so that &
becomes a 1-block map, we obtain the following diagram

Coo—>01

s CO<—>1@
C11—>10

This is a finite-to-one map and hence is Markovian—for example, the Bernoulli %, %
measure on X is mapped to itself. The constant function 0 is a compensation function.
Thus every Markov measure on Y is w-determinate: the equilibrium state py of a locally
constant V on Y lifts to the equilibrium state of V o 7, which is the unique relatively
maximal measure over py (in fact it is the only measure in Y uv)).

For every ergodic v on Y, all of 7~ !{v} consists of relatively maximal measures over
v, all of them having the same entropy as v.

If p # %, the two measures on the SFT X that correspond to the Bernoulli measures
B(p,1 — p) and B(1 — p, p) both map to the same measure v, on Y. Thus v,, which
is fully supported on Y, is not w-determinate. (An entropy-decreasing example is easily
produced by forming the Cartesian product of X with another SFT.)

Moreover, v, is the unique equilibrium state of some continuous function V, on Y
[15]. Then the set of relatively maximal measures over v, which is the entire set 71 {vp},
consists of the equilibrium states of V,om +Gom = V,om [20], so this potential function
Vp o m has many equilibrium states.

Example 4. (Homogeneous clumps) In this example there is no singleton clump, but the
clumps are homogeneous with respect to 7 so there is a locally constant compensation
function (see [2, 18, 19]), and hence every Markov measure on Y is rr-determinate and its
unique relatively maximal lift is Markov.
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Cal<—>b1
—ﬂ> Ca<—>b
Caz<—>b2

In this case the return time to [a] is bounded, so X, is a finite-state SFT rather than the
countable-state chain of the general case. There are six states, ajai, ajbiai, ajaz, araz,
axbras, and azay, according to the time-0 entries of x € X, and o,x. Fix this order of the
states for indexing purposes. It can be shown by direct calculation that for this example a
stochastic matrix P determines a Markov measure on X, that is relatively maximal over
its image if and only if it is of the form

x 1-2x x O 0 0

y 1-2y y 0 0 0

0 0 0 x 1—-2x x
0 0 0 x 1—-2x x (53)

0 0 0 vy 1-2y vy

x 1-2x x O 0 0

(In this case the image measure is also Markov.)
Here 0 < x,y < % and the probability vector fixed by P is
1

= T AT A < ) 1 - 2 s Vo Vo 1 - 2 ) . 54
p 4y+2(1_2x)(y X, ¥,y X, ¥) (54)
Further, given a (1-step) Markov measure v on Y, put K = v[aa]/v[aba]. Then a

stochastic matrix of the form (53) with fixed vector p satisfies p1 + p3 + ps + pe = vlaa]
and py + ps = v[aba] (so that the Markov measure w that it determines projects to v) if
andonly if x = y = K/(2K + 2) (and then p is relatively maximal over v).

Example 5. (Singleton clump after recoding) Make the preceding example a little bit more
complicated by adding a loop at by, so that now the return time to [a] is unbounded. It can
be verified that now there is still a continuous saturated compensation function, but there is
no locally constant compensation function, so the code is not Markovian. However, if we
look at higher block presentations of X and Y, we can find singleton clumps, for example
abba. Therefore, again, every Markov measure on Y is w-determinate

CoaenD
T Ca<—>b3

Ca2<—>b2
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Example 6. (No singleton clumps) Complicating Example 5 a bit more, we can produce a
situation in which there are no singleton clumps, not even for any higher block presentation

CanD
T Ca<—>b@
Com—nD)

For this example it can be shown that there is a continuous saturated compensation function
G o m, but we do not know exactly which measures are w-determinate. Although the
example appears simple, the question of how many fibers allow how much switching is
complex.
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